I. INTRODUCTION
R ECENTLY, we have shown that semiconductor microlasers with an equilateral triangle resonator (ETR) are suitable to realize single-mode operation and a directional emission [1] - [3] . In the ETR, mode light rays impinge on the sides with incident angles of around 30 and experience total internal reflection. The incident angle of the higher order transverse mode decreases with the increase of the transverse propagation constant, which limits the number of the confined transverse modes. Also, the number of longitudinal modes is restricted by the short cavity length, which is equivalent to a half of the perimeter of the ETR. So, single-mode operation with the ETR is straightforward. Connecting an output waveguide to one of the vertices of the ETR, a directional emission can be obtained from the microlaser with the ETR [3] . ETR microlasers are potentially integrated light sources for photonic integrated circuits and optical communications systems.
In this article, we analyze the output characteristics for semiconductor microlasers with the ETR by rate equations based on the mode lifetimes calculated by the finite-difference time-domain (FDTD) technique and the Padé approximation. In Section II, we present the mode lifetimes and the corresponding mode intensity patterns. We then present a rate equation model for analyzing the output characteristics in Section III. A gain spectrum based on the relation between the gain spectrum and the spontaneous emission spectrum is introduced, which can model the gain spectrum distribution exactly. Finally, we present 
A. Modes Confined in the ETR Without Output Waveguides
For the ETR bounded by air, the resonant mode wavelength can be expressed as [2] (1) where , longitudinal and transverse mode indices, respectively; side length of the ETR; phase shift for the wave reflected at the sides of the ETR TE modes TM modes.
The longitudinal and transverse propagation constants and , and the decay constant satisfy , , and . The numerical results show that the fundamental mode TM , the firstorder transverse modes TM , and the second-order transverse mode TM are confined in the ETR with a side length of 5 m and a mode wavelength between 1.5-1.6 m. Based on the analytical results of field intensity [2] , we plot the contour plots of the squared electric fields for the two degenerate modes of the fundamental mode TM in Fig. 1 . Fig. 1 from the traveling wavefunction [2] . We also plot the squared electric fields for the two generate modes of the first-order transverse mode TM in Fig. 2 (a) and (b) with the wavefunctions of and , respectively. The results show that the field intensity is very weak in the vertices of the ETR, especially for the fundamental mode. So, by connecting an output waveguide to one of the vertices, we can expect that the confined modes will still have high-quality factors.
B. Mode Field Distribution for the ETR With an Output Waveguide
The schematic graph of a directional emission ETR microlaser with an output waveguide connected to one of the vertices of the ETR is shown in Fig. 3 , where the output waveguide can also serve as an optical amplifier for increasing the laser output power. The injection current can be via the output waveguide to the ETR. The ETR microlaser can be fabricated from a wafer of edge-emitting lasers by dry etching. An ETR with a side length m and an opening length of 0.46 m in one of the vertices of the ETR is taken as an example in this section for calculating the mode field distribution by the FDTD technique. To obtain the field intensity for a single mode, we use the excited pulses with a frequency range that will cover only the TM mode. The electric field pulse is chosen to be of the form (3) where the modulation frequency THz, the pulse width ps, and the excitation peak at ps. To simulate the field intensity for the degenerate modes with the wavefunctions of and , we add symmetric and asymmetric excited pulses inside the ETR, respectively. In the simulation, we apply at two symmetric points and a center point for the symmetric pulse, and and at two symmetric points for the asymmetric pulse. Field intensities recorded at ps in the FDTD process with symmetric and asymmetric pulses are presented in Fig. 4(a) and (b) , respectively, where the intensity at m is magnified 12 times. The ETR and the output waveguide marked by solid and dashed lines have a refractive index of 3.2, and the external region has a refractive index of 1. In spite of a little deviation from that of Fig. 1(b) , the intensities of Fig. 4 agree very well with the analytical results of Fig. 2 . Also, the deviation disappears if we perform the FDTD simulation for the ETR without the output waveguide. The numerical results show that the output fields describe zig-zag propagation in the output waveguide, which is a multimode waveguide.
C. Modes Lifetime in the ETR With an Output Waveguide
The FDTD simulation is a powerful technique to investigate the field transmission and mode characteristics in complicated waveguide structures. In the FDTD calculation with initial excitation pulses, the time response of the electric or magnetic fields can be recorded at a selected point as the FDTD output. The field spectrum can be obtained from the FDTD output by performing a discrete fast Fourier transform (FFT) on the output, and then the mode frequencies and the quality factors can be calculated from the local maximum and the corresponding width of the spectrum. However, such a standard process requires a long FDTD output, and the FDTD simulations are time consuming, especially in the optical frequency range. To save computational time for the FDTD process, we introduce the Padé approximation with Baker's algorithm [4] for calculating the field spectrum. With the Padé approximation, we can obtain the field spectrum from a FDTD output with a length about one tenth of that required by FFT. In the FFT/Padé approximation [1] , the field spectrum is interpolated by fitting the data of the FFT output with a ratio of two polynomials of the frequency. The interpolation process is usually performed over a small frequency range, with 13 data samples of the FFT output. Then, the entire spectrum distribution is assembled by connecting the spectra. In the Padé approximation with Baker's algorithm, the whole field spectrum is directly calculated from the FDTD output by the recursion relations of Baker's algorithm, for which the required length of the output is about a half of that in the FFT/Padé approximation [4] . For the cavity with very nearly adjacent modes, such as the split modes of degenerative modes, the Padé approximation with Baker's algorithm can save even more FDTD computational time. With the mode intensity spectrum, we can determine the mode frequencies from the peak frequencies of the spectrum and the quality factors as the ratio of the mode frequency to the 3-dB bandwidth of the spectrum . In fact the mode lifetime can be expressed as (4) Assuming is the mode lifetime for the ETR without the output waveguide, we can define an output lifetime by (5) where is related to the scattering and the radiation losses in the isolated ETR, and is related to the mode light scattering into the output waveguide. Table I shows the numerical results of the mode wavelengths and the mode lifetimes around 1.5 m, based on the quality factors in [3] . 
III. RATE EQUATIONS
The rate equations for multimode semiconductor lasers can be written as (6) (7) where photon density of the mode ; carrier density; group refractive index; njection current; absorption coefficient; light speed in free space; surface and defect recombination coefficient; radiative recombination coefficient; Auger recombination coefficient; , mode lifetime and the spontaneous emission factor of the mode , respectively; optical confinement factor; volume of the active region.
A. Gain Spectrum
To analyze the output characteristics for the ETR microlasers, especially mode selection in a wide wavelength span, we need an exact gain spectrum distribution. By reference to [5] , we construct a phenomenological gain spectrum from the relation between the gain spectrum and the spontaneous emission spectrum . Gain spectrum, obtained from the relation of gain spectrum and spontaneous emission spectrum, is used for modeling the mode selection in the ETR microlasers. The spontaneous emission spectrum is assumed to be a Gaussian function and the gain versus carrier density for a fixed wavelength is assumed to be a logarithm function.
The spontaneous emission spectrum is taken to be a Gaussian function (9) where is the peak wavelength of the spontaneous emission spectrum and is the width of the spontaneous emission spectrum. In addition, the gain at the wavelength is assumed to be a logarithmic function for the quantum wells (10) where is the transparent carrier density at the wavelength . From (8) to (10), we can obtain a relation between the quasiFermi level separation energy and the carrier density as (11) Submitting (11) into (8), we obtain the gain spectrum distribution as a function of and . In addition, the radiative recombination coefficient and the width of the spontaneous emission spectrum are assumed to be (12) (13) Taking m, cm , cm , nm, cm , cm s , and cm , we calculate the gain spectrum based on (8) and plot the numerical results in Fig. 5 . Comparing with the results of [5] , we find that the above gain spectrum model describes the whole gain spectrum very well.
B. Spontaneous Emission Factor
In the ETR, the mode field is the sum of fields propagating along three directions paralleling to the sides of the ETR [2] . The contribution of the three-direction propagating fields to the spontaneous emission factor should be three times that for a one-direction propagating field. Unfolding mode light rays inside the ETR, we can model the ETR as a deformed Fabry-Perot cavity with a cavity length of and a width of [3] . The corresponding effective volume of the mode area is three times that of the ETR. The contribution of the one-direction propagating field to the spontaneous emission factor is equivalent to that of a mode field in the deformed Fabry-Perot cavity. Thus, the spontaneous emission factor for the modes confined in the ETR has the same form as that in a Fabry-Perot cavity [6] (14)
where normalized spontaneous emission spectrum, i.e., the spontaneous emission spectrum (9) divided by the total spontaneous emission rate ; -effective volume of the mode area in the ETR; thickness of the active layers.
IV. OUTPUT CHARACTERISTICS
Based on the photon density and the output lifetime of (5), the output power of the mode can be expressed as (15) Taking s , cm s , and cm , we calculate the output power for different modes and the total output power based on the rate equations. Fig. 6 (a) shows the output power as a function of the injection current for the ETR with m. We find that the threshold current is 0.11 mA and the side-mode suppression ratio (SMSR), i.e., the ratio of the output power of TM to the highest output power of the other modes, is larger than 10 when mA. To examine the single-mode operational characteristics for the ETR microlaser, we also consider the output behaviors of the ETR microlasers with different side lengths. In the simulation, mode wavelengths are taken to be proportional to the side length as in (1) , and the mode lifetimes are taken to be the same values as in Table I . We plot the output versus injection current for the ETR with 5.05 and 4.75 m in Fig. 6(b) and (c), respectively. The results show that the ETR microlasers can maintain TM single-mode operation as the side length increases from 4.75 to 5.05 m, and the corresponding wavelength tuning range is 93 nm.
V. CONCLUSION
We have analyzed the output characteristics for the semiconductor microlasers with an ETR based on the mode lifetimes calculated by the FDTD technique and the Padé approximation. A gain spectrum model based on the relation between the gain spectrum and spontaneous emission spectrum is used in the numerical analysis. By adjusting the size of the ETR, we find that single-mode operation can be obtained with a wavelength tuning range of 93 nm, as the side length of the ETR increases from 4.75 to 5.05 m. We can expect that multiple wavelength laser arrays can be fabricated by integrating several different size ETRs. Wei-Hua Guo was born in Hubei Province, China, in 1976. He received the B.Sc. degree in physics from Nanjing University, Nanjing, China, in 1998. He is currently working toward the Ph.D degree at the Institute of Semiconductors, Chinese Academy of Sciences, Beijing, China, and studying the FDTD simulation and fabrication of photonic microcavities and semiconductor optical amplifiers. His current research interests are concerned with the designing and analysis of advanced optical network components.
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